This paper is concerned with robustness with respect to small delays for the exponential stability of abstract differential equations in Banach spaces. Some necessary and sufficient conditions are given in terms of the uniformly square integrability of the fundamental operator family and the uniform boundedness of its resolvent on the imaginary axis.
Introduction and Preliminaries
Robustness of stability with respect to small delays, for example, as motivated by feedback systems in control theory, is of great theoretical and practical importance, but this property does not hold for many systems. In the literature (see, for example, [4, 5, 7, 9, 10] and references therein), there are many examples of systems described by distributed parameters which are exponentially stabilised by a feedback but which are destabilised by arbitrary small delays in the feedback loop. Examples of this sort first appeared in Huang [9] and Datko et al. [5] independently in 1986. Huang [9] gave two abstract counterexamples and proved a well-known result that a system is robust to small delays if operator A generates an immediately norm continuous C 0 -semigroup. More recently, the problem of robustness of stability has received considerable attention. Logemann, Rebarber, Townley and Weiss ( [13] [14] [15] [16] ) have presented a systematic 556 Faming Guo, Bin Tang and Falun Huang [2] treatment for some distributed parameter systems. More recently, Avalos et al. [1] showed that it is not possible to construct a dynamic stabiliser of a general form such that the stabilisation is robust with respect to small delays for a structural acoustics model. Hale and Lunel [7] try to explain the underlying mechanisms and the role that difference equations are playing in robustness results. Batkai and Piazzera [2] show that those sufficient conditions derived in [10] and [14] also hold on the state space
, which is a better choice for many applications. Corduneanu [3] first introduced the fundamental matrix to study stability for integro-differential equations in finite-dimensional spaces. Liang and Xiao ( [11] and [12] ) extended the fundamental matrix to the fundamental operator to deal with exponential stability for abstract autonomous functional differential equations with infinite delay. In this paper we investigate whether exponential stability persists if there is a small delay in the feedback term for the abstract differential equation by using the fundamental operator family in Banach spaces.
Consider the following equation: [6, 8] and [18] .
To transform system (1.1) into operator-valued matrix form we introduce the following operator A r on £ := X x L p ([-r, 0]; X):
and system (1.1) is transformed into the equivalent Cauchy problem on £:
Under these assumptions on A and B, (A + B, D(A)) generates a C 0 -semigroup. It is easy to prove that (A r , D(A r )) generates a Co-semigroup T r (t) = ( "^ on £. For details, we refer to [2] .
In the following section, we introduce the fundamental operator family and obtain a representation of the solution of system (1.1). In Section 3, some necessary and sufficient conditions are given in terms of the uniformly square integrability of the fundamental operator family and the uniform boundedness of its resolvent on the imaginary axis.
Preliminaries
To characterise robustness with respect to small delays for the exponential stability of system (1.1) on the state space £, we introduce the concept of the fundamental operator family for system (1.1) by means of the following integral equation:
*r(0 = 0, f € [ -r , 0 ) .
In this section, we first derive the existence of the strong continuous solution X r (t), t > 0, and an exponential estimate on X r (t) which are basic to the application of the Laplace transform and to obtaining a representation of the solution u(t) of system (1.1). It is easy to prove the following theorem. 
THEOREM 2.2. The fundamental operator family X r (t) of Equation
(1.1) satisfies L 00 e~x'X r {t)xdt = A,(k)x, ReA. > w x > w for x e X. o PROOF. Since X r (t) satisfies
X r {t)x = T(t)x + Tit -s)BX r (s -r)xds, t > 0 and x e X, Jo
we have 
1). Then u(t) is given by X r (t)x 0 + f X r (t-s)B(S Q f)(s-r)ds, t>0, u(t) = • Jo fit), te[-r,O), where
, otherwise. PROOF, (a) Since X r (t) satisfies (2.1), for t € [0, r] we have X r (t) = T(t) and
X,(t-s)B(S o fKs-r)ds= f T(t-s)Bf(s-r)ds,

Jo
= T(t)x o + T(t -s)Bu(s -r)ds Jo = X r (t)x 0 + f X,{t -s)Bf(s -r) ds Jo = X r (t)x 0 + / X r (t -s)B(S o f)(s -r)ds. (2.2) Jo
Jo and consequently, of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446181100010130 [5] Exponential stability of abstract differential equations 559
For t e [r, 2r), from (2.1) it follows that
X r (t)x 0 = T(t)x 0 + I T(t-s)BX r (s-r)x o ds Jo
3) Jo and
I X r (t-s)B(SofKs-r)ds Jo = I T(t~s)Bf(s-r)ds Jo + 11 T(t-s-r)BX r (r-r)Bf(s-r)drds Jo Jo = [ T{t-s)Bf(s-r)ds
Jo
T(t-s)Bf(s-r)ds + I I T(t-s)BX r (s-r -r)Bf(s-r)drds. (2.4)
Using (2.3), (2.4), and the fact that u(t) is the mild solution of (1.1), we deduce that
K(/) = nO*o+ f T(t -s)Bu(s -r)ds+ I T(t -s)Bf{s -r)ds
Jr Jo
= T(t)x o + [ T(t -s)BT(s-r)x o ds+ [ T(t -s)Bf(s -r)ds
2) holds for t € [0, (n + l)r). Now for t e[(n + l)r, (n + 2)r), we have 
u(t) = T(t)x 0 4-/ T(t -s)Bu(s -r)ds+ j T(t -s)Bf(s -r)ds
I X r (t-s)B(Sof)(s-r)ds Jo = I T(t -s)Bf(s-r)ds Jo + 1 1 T(t -s -r)BX r (r -r)Bf(s -r)dr ds. (2.6)
Jo Jr
From (2.5) and (2.6), it follows that
which completes the proof of the theorem. D
Robustness with respect to small delays
In this section, we first introduce the concept of robustness with respect to small delays for exponential stability on the state space S = X x L p ([-r, 0]; X). Secondly, the robustness is characterised via the fundamental operators. Finally, we show the analyticity of the resolvent A~*(k) and the resolvent identity, and furthermore, characterise the robustness in terms of the resolvent A7 1 (A 
u(t) = X r (t)x+ f X r (t-s)B(S o f)(s-r)ds, Jo which implies
+ \J (J \\X r (t-s)B(S o fHs-r)\\ds\ dt\ ij \\X r (t-s)B(S o f)(s-r)\\ 2 dt) ds M\\B(Sof)(s-r)\\ds
On the other hand, for t > r, we can deduce 
(ii) The resolvent A~l (•) is analytic on D r , and Faming Guo, Bin Tang and Falun Huang [10] O n t h e other hand, for A. satisfying (3.4), using the resolvent identity (3.3), w e deduce that A ; ' ( X ) -A r -'(X 0 ) = A ; 1 (k)(k Q -X + Be~k r -B^\ and consequently,
which shows the continuity of A~'(-). Finally, using continuity and the resolvent identity '\\x\\, which, observing the arbitrariness of e > 0, completes the proof. D
